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Abstract

This paper presents a historical perspective on the development of the Galerkin-type and finite-element calculations
of radiation exchange between surfaces. It is shown that the formulation of the variational solution of radiation exchange
introduced by Sparrow in the 1950s is similar to that used by Galerkin to solve differential equations. The extension of
Galerkin’s method to the integral equations of the Fredholm type yields the formulations developed by Sparrow using
the variational method. For this reason, the Galerkin-type solutions of radiation exchange will be referred to as the
Sparrow—Galerkin method. The Sparrow—Galerkin solution technique, in most cases, provides highly accurate results.
However, for a certain set of parameters, the series solutions may not converge. This leads to formulation of a finite-
element technique as the discretized form of the Sparrow—Galerkin method evolves into the finite-element method. ©
1998 Elsevier Science Ltd. All rights reserved.

Nomenclature n unit normal vector

ay/,,  members of matrix A*/ N number of surfaces

A area [m?] rradial coordinate [m]

A matrix of coefficient r; local distance between A; and 4,
A" square matrices in matrix A r unit vector along r;

B radiosity [W m™? T temperature [K]

d, coefficients X, y,z coordinates [m].

d array of coefficients
f., basis functions

h  gap dimension [m] Greek symbols o

H irradiation [W m 7] p angle between radiation incident and n

I variational function 0 Ve(.ttOI' along element boundary

K, kernel function ¢ emittance

L plate dimension [m] { local coordinate [m]

i,j, k indices n Variational'functior.l, equation (6)

i,j, k unit vectors along x, y, z A parameter in equations (4) and (9)

I,m,n indices ¢ local coordinate [m]

m, index p reflectance

M number of functions o Stefan-Boltzmann coefficient [W m~2- K =]
¢ variational function
yx unknown function in equations (4) and (9)

- x  vector of y values in finite element
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1. Introduction

The governing equations for radiation exchange
between surfaces are integral equations of the Fredholm
type. In the 1950’s, Sparrow [1] introduced a variational
method to solve radiation exchange problems. Recently,
it is common to extend the Galerkin method developed
for solving differential equations [2] to radiation ex-
change integral equations. The Galerkin solution in a
discretized form is generally referred to as the finite-
element method. The extension of the Galerkin method
to radiation exchange problems yields exactly the same
formulation that Sparrow introduced in the 1950’s using
the Ritz variational method [1, 3]. This fact is not clearly
stated in the literature.

Finite element is a powerful numerical technique that
can handle a broad range of heat transfer problems, It
is widely used in conductive, convective, and radiative
applications. In particular, finite element has become a
popular tool when dealing with radiation in a par-
ticipating media. Recent finite element work in thermal
radiation, reported in the literature, is numerous; there-
fore, this work contains only a brief survey of pertinent
literature. A comprehensive discussion of the finite-
element method (FEM) and application to conducting
bodies with radiating surfaces is in Huebner et al. [4].
An adaptive FEM modeling of radiative heat transfer
coupled with conduction is given by Daurelle et al. [5].
Lobo and Emery [6, 7] analyzed combined conduction
and radiation in nonparticipating media and they show
anomalous FEM solution behaviour when the radiation
component dominates the conduction components. They
showed that using higher-order basis functions can allevi-
ate this problem. Kuppurao and Derby [8] studied the
FEM solution of radiant interchange among diffuse-gray
surfaces using a higher-order-accurate view factor that
depends on geometry. Finite element formulation, in par-
ticular, the discrete ordinate method, for application to
absorbing, emitting, and scattering media is reported by
Sanchez and Smith [9], Fiveland [10], Fiveland and Jessee
[11], and others [12, 13].

The variational formulations of Sparrow [1, 3] are
exactly the same as the finite element formulations based
on the weighted residuals. Accordingly, it is appropriate
to review the work done by Sparrow [1, 3] as a prelude
to the formulation of the finite-element method.

1.1. Sparrow variational equation

At the outset, formulation of the radiation exchange
problems will be limited to a simple case discussed by
Sparrow [1]. The configuration consists of two parallel
plates a distance / apart, Fig. 1. The plates have a dimen-
sion L in the x-direction and are infinitely long per-
pendicular to the plane perpendicular to the x-axis. The

Fig. 1. Schematic of two parallel plates.

plates are at the same temperature and have equal emiss-
ivities. The radiosity is defined by equation

B(x) = eaT* + pH(x) (1
where H(x) is known as the irradiation to the surface. The

radiosity for diffusely emitting and diffusely reflecting
surfaces is governed by equation (1)

h? (42 B(y)d
B(x) = eoT + LJ _ By)dy
2 i (y—x)2 +nPR

where y is a dummy variable of integration. The value
H(x) in equation (1) is replaced by

& J B(y)dy

(@)

H(x) = = ‘

2 ) (=0 +h]
to yield equation (2). Equation (2) has a form commonly
referred to as the Fredholm integral equation. For the
sake of brevity, it is written as

(€)

b

x(x) = (x) HJ x(NK(x, p)dy. “)
Sparrow [1] introduced the following variational
expression for the functional 7 to be minimized,

I= J ’[x(andx—ZJ K () dx

1 a

b (*b
—/“LJ J X (WK(x, y)dydx.  (5)
For convenience of this presentation, the functional 7 in
equation (5) is the negative of that in ref. [1]. This minor
modification causes the extremum of equation (5) to
become a minimum. Equation (5), using minimization
principles, yields equation (4). For the purpose of proof,
the function that will minimize 7 is designated as ¥, so
that

x(x) = 1(x) +wn(x) (6a)
x(») = 1) +on(y) (6b)
where o is the variational parameter and # is an arbi-
trarily selected function. After substituting x(x) and x(y)
in equation (5), the functional 7 can be minimized. This

is accomplished by setting 01/0w = 0. Of course, the func-
tion %(x), calculated to minimize /, approaches the solu-
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tion function y(x) when w — 0. Following the min-
imization principle [1], equation (5) becomes

a b
(ﬁ) = j ") [x(x)—w(m

b
—J x(VK(x,p) dy} dx=0. (7)
This relation is valid for all values of #(x); therefore, the
term in the square brackets is equal to zero. Equation
(7) also describes a technique commonly known as the
method of weighted residuals. Accordingly, the min-
imization of / led to equation (4). For / to be a minimum,
the second derivative of I with respect to @ must be
unconditionally positive. This will be demonstrated later.

Sparrow [1] replaced y by a linear combination of a
complete set of independent functions,

1) = z d, o (). ®)

In the Sparrow formulation, f,,(x) = x>~ " represents
the basis functions and #(x) in equation (7) becomes
the basis function f,,(x) for m = 1,2, 3, M. Specifically,
Sparrow [1] considered y(x) = d, +dox*+dsx* and sub-
stituted for y(x) and y(y) in equation (7). This makes /
a function of d,, d,, and d;. Setting 01/0d, = 0, d1/dd, = 0,
and 0I/0d; = 0, leads to three linear equations. The basic
steps are described in ref. [1].

In a numerical example, Sparrow [1] demonstrated
that high accuracy is achievable using the methodology
described above. For the configuration in Fig. 1, the
worst accuracy is reported [1] when both 4/L and the
emissivity are small. For instance, in the dimensionless
form, for h/L =0.1 and &= 0.1, Sparrow calculated
1 (x) = B(x)/eaT" as

x(x) = 7.205—10.06x* —27.81x*; for —0.5< x < 0.5.

It is shown that at x = +0.5, the error is less than 2%.
Generally, an accurate solution is possible when poly-
nomials are of degrees 6-8.

The procedure developed by Sparrow [1] is exactly the
same as the extension of the weighted residuals method
[2] to the Fredholm integral equation. In the method of
weighted residuals, both sides of the energy transport
equation, equation (4), are multiplied by a basis function,
fu(x), then integrated over the domain of y(x). Both
procedures produce exactly the same relation, specifi-
cally, equation (7). Galerkin introduced the method of
weighted residuals to solve differential equations [2] while
Sparrow developed this methodology to evaluate radi-
ation interchange among surfaces; hence, the meth-
odology is called Sparrow—Galerkin. The use of equation
(7) instead of equation (5) simplifies the procedure with-
out changing the formulations or results. In other words,
the Sparrow—Galerkin procedure is a shortcut that
bypasses the mathematical steps of variational calculus.

Following this introduction, the generalized formulation
of the Sparrow—Galerkin method and its transition to the
finite-element method is presented.

2. Generalized variational formulation

The method described above is for a simple problem.
The radiation exchange usually takes place between many
surfaces with different temperatures and surface proper-
ties. Sparrow and Haji-Sheikh [3] presented a generalized
variational principle for multisurface applications. A
brief mathematical formulation is described below; the
complete derivations are available in ref. [3]. The radi-
ation exchange between surfaces is given by the relation

N
() = yi(r)+ 2 Z J 1 () Ky (i ry) d A
j=1J4;

fori=1,2,....,.N (9)

where r; and r; are the position vectors for surfaces i and
J. The function Kj;(r; r;) is related to the angle factor of
configuration factor, dF;; = K;(r; r;) dA;. The reciprocity
relation shows that Kj; = K. The generalized variational
relation is

N N1
=3 ;J [ (r)]* dA,—2 ; ZL Xir(r;) d4;

i=174 i

N
- z J J X )2 () K (i, 17) d A, d A
i=1J4, J4,

N j—1
=2 Z |:Z J J X)) Ky (i) d 4, dA:}
j=2 Li=1 )4, Ja,

(10)
It is possible to present the third and the fourth terms on
the right-hand-side of equation (10) as one term using
the symmetric property of K;;. However, the third term is
extracted to show the effect of the total irradiation from
the surface i towards itself. Following the standard vari-
ational steps, the minimization of equation (10) leads to
equation (9). This can be demonstrated by setting

() = T () + o (r) (11
for a surface k; k = 1,2, ..., N. Notice that w, is a mem-
ber of a set identified by, Q = {®,, ®,, ..., 0y} and Q@ =0
implies that each member of the set is equal to zero. The
extremum of this function is obtained when
(0llow)a_y =0 for k=1,2,...,N. This leads to a
relation [3],

1 1
J (i) |:7Xk(rk)_7kwk(yk)

k
N

- J %) Ky (re, 1)) dA,} d4, =0. (12)
j=1J4;

Recall that each § function becomes y when Q = 0. Since
equation (12) holds for all values of #,(r,), then the quan-
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tity in the square brackets must have a zero value; there-
fore, the minimization of equation (10) yields equation
(9). Of course, for this extremum to be a minimum, the
second derivative of / with respect to w, must be positive.
The second derivative is

0’1 1
=2{— (1)) dA,
5a)£ {Ak LA [ (ro)] k

_J J nk(rk)nk(r;f)Kkk(Vksr;\')dA;rdAk} (13)
A J4,

where prime indicates the dummy variable of integration
for the inner integrals. Using the symmetric nature of K,
the second term in the braces, equation (13), is equal to,

J J N ()N () K (e, ) A d A,
A J4,
=J J [n/c(r;\')]szk(rkar;\’)dA//rdAk
A, J4,

1
- EJ J [ () = e ()] K (i, #7) d A d Ay (14)
Ay J A,
Combining equations (13) and (14) results in the relation

0’1 1
=2 {*j [ ()] d 4,
A

dw? Ak

_J J [k (";\»)]ZKM« (ry, ri) dAj dAk}
AA AA

+J J 7 ) — 0 (7)) K (i, 1) d A d A, > 0. (15)
A, JA,

Since both terms on the right side of equation (15) are
positive, the inequality holds. The function #, is real and
n# in equation (13) is always positive. The function #3
can be regarded as an abstract radiosity of surface k.
Because the integral

J J [’”I/c("l')]sz/\»("/n"L) dA; d4,
k AI\

inside the brace, equation (15), represents a fraction of
the abstract energy that the surface k irradiates on itself
and the entire energy leaving surface k is

J [ (ri)] > d4,

therefore, the net value of the term in the curly brackets,
equation (15), is positive, implying 0*1/0w;} > 0. Notice
that when I = — I, equation (12) remains unchanged but
in this case, 0°I/dwi < 0; hence, only the extremum of
function 7 is a sufficient condition to satisfy equations for
energy interchange among surfaces.

3. Sparrow—Galerkin method
This method provides closed-form solutions to radi-

ation exchange between surfaces. In ref. [3], it is proposed
to replace y(r,) in equation (10) by

M
() = Zl e pif o (1) (16)
for i=1,2,...,N. After substitution, one must differ-
entiate / with respect to d,, to obtain a set of sim-
ultaneous equations. As an alternative procedure, one
can substitute y,(r,) in equation (12) and obtain the same
set of equations,

1 M 1
J j}\:n(rk) |:7 z dk.n’lﬁr,m(rk) - Tkwk("l\’)

;Vk m=1

N M
- Z J Z oS () Ky (i, 7)) dA_,} d4, =0 (17)
Jj=1 A;m= 1

for k =1,2,...,N. Here, N is the total number of sur-
faces; however, M can vary from surface to surface.
Equation (17) represents a set of M x N simultaneous
algebraic equations. The solution of this set of equations,

Ad=y (18)
yields the coefficient in the set of d = {d;,d,,...,dy},
wherein every member of the kth subset has the elements
d, = {di1,dy», ..., d. ). The elements of the matrix A in
equation (18) are

o Oy
af\n’{n = TMJ\ .f}c,n (rk).f/,m (rk) dAk
k) A,

_J J ﬁ\n (rk),f/',m (rk)Kk/'(rks r/') dA/ dA/c (19)

where 6,; =1 when k =j and 6, =0 when k # j. For
each pair of (k, j) a&/, describes a square matrix A" whose

locations in the square matrix A are shown below,

Al,l A1,2 AI.N
A>T AR LAY

A= . (20a)
AMT AN AN

Each member of matrix A is an M x M matrix,

koj ko ko
ary  ayh, ... ayly
ko Ky k.
- ar’y ar'h e ary'y
AN — : (20b)
f.j .j ki
Ay daro o ooo Ayg

and satisfies the relation A** = A*/, indicating the matrix
A is symmetric. The array represented by
W ={Y,¥2..., 5} is a column vector that consists of
subarrays, Y. Each subarray , has the elements,

Ve = Wi Yz - Wi Where
[
l/jk.m = 7]/(.717 (rk)l//k (rk) dA/\ . (2 1)
Ay )”k
Details concerning the computation of the radiosity using

equations (16)—(20) are included in the following numeri-
cal example.
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Example 1: This example concerns radiation exchange
between two parallel circular disks, N = 2, whose numeri-
cal solution is available in the literature [14]. The centers
of two circles are located on the same line and the line is
perpendicular to both disks, see the inset in Fig. 2. Equa-
tion (12) for radiation exchange between these two disks
with radii R, and R, is written as

fo [ 1 1 n 4
J mr) lfBl(”l)* nglGTl

0 €1

/'Rz
_ Bz(rz)Klz(r],r2)2ndr2:|2ndr] =0 (22a)

Jo

R [ 1 1 4
Ha(ra) | 7—— By(r) — ——&,075

o | 1—¢ 1—¢,

Rl
—J B, (r)K,,(ry,r)2m drl:|2ndr2 =0. (22b)
0

In the standard Sparrow—Galerkin method, the radios-
ities, B, and B,, are approximated using equation (16)
where fi,,(r)) = (r)*" " and f,,,(r,) =(r)*"~". Sub-
stitution of B, and B, in equations (22a) and (22b), and
the assumption that #, =f,,fi2..../ix and
Na = foisfrs - - o> four lead to 2M simultaneous equations
described by equation (18).

The elements of matrix A and s were calculated using
MATHEMATICA [15] and FORTRAN. Following
matrix inversion, the values of B, /¢ T} (or B,/cT?) for a
test case, when 7T,=T7, R =R, =1, h=0.J5,
e =& = 0.5, are presented in Table 1. Table 2 contains
the computed values of B,/aT$ (or B,/aT$) at various
surface locations for #/R, = 0.1, 0.5, and 1.0 and for
different values of emittance. For this example, con-
vergence is achieved to five significant figures when
M =7. The error in the data is small for all M-values
listed in Table 1; within 0.7% when N = 2. The cal-

4
1

T

or B,/
(=}
[=,}
T

4
1

B,/oT,
o
»~

<
)

0.0 [ L L | L | L L L
0.0 0.2 0.4 0.6 0.8 1.0

r/R, or r,/R,

Fig. 2. Radiosity for two parallel disks when T, = T, ¢, = ¢,,
R, = R,,and h/R, = 0.1.

culation of the elements of matrix A requires numerical
integration. The symbolic program MATHEMATICA
produced d, = d, = {0.806105, —0.124519, —0.0960931,
0.0481751}. For the same task, a FORTRAN program
used only a few seconds of computer time and produced
the coefficients d;, =d, = {0.806103, —0.124493,
—0.0961565,0.0482163}; about an order of magnitude
faster. All computations were performed on a personal
computer.

The Sparrow—Galerkin method, in general, converges
rapidly to the exact values of B, /cT{ and B, /cT?, except
when B, /cT{ or B,/cT? is nearly flat over a section of
the surface and its value changes rapidly over another
section. Two graphs are presented to show the behavior
of the Sparrow—Galerkin solution. Figure 2 shows the
variation of B, /o T (or B,/ T?) vs. r,/R, (or r,/R,) when
R, =R,, h/R,=0.1, and T, = T,. Despite the small
dimension of the gap, the data are well behaved for
& =& = 0.1 and 0.5. For the next case, the radius of the
second disk is reduced to R, = R,/2 while other variables
remain the same as those in Fig. 2; that is 7, = T),
h/R, =0.1, and ¢ =¢,=0.1 and 0.5. The values of
B,/6T% and B,/cT? are plotted in Fig. 3. The value of
B,/cT? is converging after a few terms while B,/cT?
oscillates about the solution. The reason for these oscil-
lations is that polynomials, even of degree 14 (N = 8),
cannot adequately describe the changes in radiosity.
There are two methods that overcome this difficulty. One
method is to select a set of functions that have charac-
teristics expected from the solution and is not discussed
to avoid redundancy. The second, and simpler method,
is to subdivide the surface into smaller surfaces and treat
each as a different surface. The second scheme has a
broader implication as it becomes the finite-element
method. The finite-element technique is subject to certain
approximations; each approximation is discussed in the
next section.

4. Sparrow—Galerkin finite element

Sparrow’s variational formulations are basic to the
derivation of the finite-element procedure for computing
the radiation interchange among surfaces. Formulation
of the finite-element method of solution begins with equa-
tion (12). Each surface k is subdivided into M, small
surfaces and each is treated as a separate surface for
inclusion in equation (12). The next step is to define )
and » functions for all elements. Similar to the standard
finite-element procedure, the y functions are described
by linear functions of local coordinates for each of the
elements, e.g.,

Ak (éms Z.v’m) = (1 - ém - Cm)xk.m + é:mxk,l + gm%k,p (23)

where ., Xx» and y,, are corner nodes for element m
having coordinates (0,0), (1,0), and (0, 1), respectively,
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r,OF 1y M=2 M=3 M=4 M=5 M=6 M=1 M=8
0.0 0.81261 0.80855 0.80610 0.80659 0.80665 0.80662 0.80662
0.1 0.81083 0.80701 0.80485 0.80524 0.80529 0.80527 0.80527
0.2 0.80551 0.80237 0.80097 0.80114 0.80114 0.80115 0.80115
0.3 0.79663 0.79453 0.79415 0.79407 0.79405 0.79406 0.79406
0.4 0.78420 0.78336 0.78392 0.78371 0.78369 0.78370 0.78370
0.5 0.76823 0.76866 0.76972 0.76958 0.76959 0.76958 0.76958
0.6 0.74870 0.75018 0.75107 0.75112 0.75114 0.75114 0.75114
0.7 0.72563 0.72760 0.72769 0.72787 0.72787 0.72788 0.72788
0.8 0.69900 0.70055 0.69968 0.69973 0.69971 0.69971 0.69971
0.9 0.66882 0.66860 0.66780 0.66760 0.66761 0.66761 0.66761
1.0 0.63510 0.63129 0.63367 0.63415 0.63409 0.63406 0.63406
Table 2
The value of B,/c T (or B,/aT?) for different values of 4 and &, = ¢, when M = 8
h/R, /R, e =0.1 g =03 g =05 e =07 e =09
0.1 0.0 0.82861 0.96664 0.98757 0.99491 0.99868
0.2 0.81931 0.96453 0.98742 0.99519 0.99885
0.4 0.78591 0.95262 0.98269 0.99326 0.99835
0.6 0.71767 0.92354 0.97093 0.98887 0.99737
0.8 0.58088 0.83897 0.92748 0.96965 0.99251
1.0 0.27473 0.52219 0.69069 0.82741 0.94572
0.5 0.0 0.28545 0.62405 0.80662 0.91284 0.97749
0.2 0.28126 0.61754 0.80115 0.90948 0.97641
0.4 0.26836 0.59715 0.78370 0.89852 0.97280
0.6 0.24592 0.56043 0.75114 0.87733 0.96556
0.8 0.21339 0.50485 0.69971 0.84241 0.95312
1.0 0.17483 0.43641 0.63406 0.79629 0.93616
1.0 0.0 0.17065 0.44647 0.65678 0.81958 0.94691
0.2 0.16913 0.44336 0.65351 0.81713 0.94597
0.4 0.16462 0.43415 0.64380 0.89082 0.94314
0.6 0.15741 0.41935 0.62813 0.79799 0.93855
0.8 0.14817 0.40031 0.60785 0.78261 0.93255
1.0 0.13807 0.37937 0.58547 0.76556 0.92586

in the local coordinate system (&, (,,). Accordingly, all
integrations in equation (17) will have exact values,
except those having the function Kj, in the integrand. A
finite-element procedure requires a reasonably accurate
evaluation of the integrals that include K, functions.
Numerical integrations can be elaborate when the num-
ber of elements is large. Three approximations are selec-
ted for the calculation of K,; between element m on sur-
face k and element » on surface j.

(1) Integrals that include Kj; functions are numerically
integrated.
(2) Assume K, (r(,.,r;,) as a constant evaluated using

re.m and r, at the centeroids of the mth element on
surface k, and the nth element on surface j.

(3) Calculate Ky, (ry,,r;,) using the coordinates of each
of the nodal points of element m on surface k£ and
nodal points of element n on surface j, then average
the calculated Ky, (ry,,, r;,) values.

The finite-element steps, and a discussion concerning
the accuracy of the three approximations mentioned
above are presented through a simple numerical exam-
ples.

Example 2: Equation (2) describes the radiation inter-

change between two parallel disks described in Example
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1.0F

4
1

T

or B,/c
o
(=)}
| U ST S RSN |

4

B,/oT,
°
»

I
()

PRI B

0.0 I | L | L 1 L |
0.0 0.2 0.4 0.6 0.8 1.0

r,/R, or r,/R,

Fig. 3. Radiosity for two parallel disks when 7', = T, ¢ = &,
R, = R,/2,and h/R, = 0.1.

1. Each of the parallel disks, 1 and 2, are subdivided into
M, and M, elements, respectively, Fig. 4. The size of
surface elements on Disks 1 and 2 are Ar, = R,/M, and
Ar, = R,/M,. The unknown function y, for k =1 or 2,
over the element m is

Yk = (1= Con) Yoo + CemMbmr 15 TOT iy <1 < T

(24)
when &, =e—rim)/(Fems1 —Tem) 18 the local coor-
dinate that replaces r,, and for elements m on surface k,
see Fig. 4, where r;,, 1 —7.n, = Ari,,. In this example,
Ary.,, = Ar, is a constant.

Substituting for y, and y,, given by equation (24), into
equation (10) yields a function I()i,.,X2m), for
my=1,2,...,M,and m, = 1,2,..., M,. Now, the poly-
nomial coefficients d,,, in the Sparrow—Galerkin method
are replaced by ;.. Based on the formulation presented
earlier, one must set 07/0y,,, = 0 for node m,, Fig. 4,
on surface k. This yields a simple relation that has the
contribution of integrals over the elements adjacent to
this node. The resulting equations in the matrix form are,

Ay = (25)
Matrix A has a form similar to the matrix A in equation

Element 1 Element 2 Element M;
R

m =1 m =2 m =3 "ﬁ" m =M1 +1

===+ + =t + {
1 Disk 1 h

2 . . Disk 2 . B
my=1 m2'=2 m2'=3 i mZ;M2+1

AR,
Element1  Element 2 Element M,

Fig. 4. Finite elements over two parallel disks.

(20a); however, the entries in equation (20a) are to be
modified. To describe the formulation, let us consider
each element as an independent surface. Equation (24)
describes the variation of y functions for each element
where (1—¢,,,) and &, , are the basis functions while .,
and Y., are the coefficients to be determined. Using
the standard Sparrow—Galerkin method, there are two
equations for each element. Solving this system should
yield different values for y,,: one for element m—1 and
the other for m. However, the number of equations in
the finite-element method is less because the value of
Y for elements m and m—1 must be identical. The
formulation of the finite-element method requires con-
sidering equation (12) and treating each element as a
separate surface with yx, given by equation (24). For
example, since ¥, is a constant to be determined, differ-
entiating / with respect to y,,, yields the function 1, in
equation (12). For adjacent elements, the contributions
to 1, are from the basis functions 1 —¢, ,, of the node m
and from the basis function &, of the node m—1, see
equation (24). These two contributions are added since,
in equation (12), ¥, has equal values for neighboring
elements. For this specific example, matrix A consists of
four square matrices, see equation (20a). The matrices
A'! and A*? are tridiagonal since K, = K,, = 0. Using
the above procedure, each row, m, has contributions from
element m— 1 and element m so that

i1 = (A /12 4+ Argrg, 1 [6]/ 4 (26a)

a]n(;f(m = [(AV/%/A‘- + Arkr/\’,mf 1 /3) + (Al'ﬁ/lz + Arkrk,m/3)]/)'k
(26b)

and

aﬁ;ﬁn#» 1= [Arﬁ/lz + Ar/\'r/c,m/6]//1k' (26C)

The contribution of element m—1 to the diagonal term,
alt,, is the term in the first parenthesis, equation (26b),
while the term in the second parenthesis is the con-
tribution of element m. Therefore, the first row of A**
only has the contribution of the first element and the last
row (row M, + 1) has only the contribution from element
M,. The matrices A and A*! are full because
K, = K,, # 0. For each node, m, there are contributions
from the neighboring elements, m—1 and m. According
to equation (24), the value of the basis function for
inclusion in equation (17) is &, for element m—1, and
1—¢&,,. for element m. As before, for node 1, the con-
tribution is from element 1, ,; = 1 —¢,;, and for node
M+ 1, the contribution is from element m, 1, = i, -
The function y, in equation (17) must be integrated over
all elements participating in thermal radiation; therefore,
for this example, the matrices A'? and A*' are full and
each entry has contributions from adjacent elements. The
sum of the permuted contributions from adjacent
elements yields the entry of matrices A'* and A*'. For
instance, a%/, has contributions from elements m— 1 and
m on the surface k, plus n—1 and » on surface j,



1360 W.J. Minkowycz, A. Haji-Sheikh/Int. J. Heat Mass Transfer 42 (1999) 1353—1362

a)kn{n = _J . ‘fk,m—l |:J . (1 - é/ﬂn— 1 )I(Vk,/'znr/’ dr/'

Tkm—1 Tin—1

+J . é/,nflKk,/znr/dr/:|rk drk_J . (1 _ék‘mf])

r

in Tkem—1

X |:J . (] - é/’.n— 1 )I(k,/'znr/' dr[

jin—1

+ J " Ein 1 Ky 2mr; dr,j| redry.

Tin

@7

The nodes m = 1 and m = M, + 1 on surface k and nodes
n=1and n = M;+1 on surface j should receive special
attention since each node is adjacent to only one element.
Similarly, the members of the array y have contribution
from elements adjacent to that member

T 1

lP/ﬁm = ék,m— 15 l//k,m— 17k drk
/
, !

kem—1 k

T+ 1 1
+ J\ (1 - ék,m) Tl//k,mrk drk (28)
r “k

k.m

where the first term on the right-hand-side is the
contribution of elements m—1; it is equal to
(A1 /341 1 A1 /2 Wi /2. Similarly, the contribution
of the contribution of the element m is
(A2 16+ 11 A1 /20 /Ai. The sum of both terms in
equation (28) is 1y, Arli/Ar. For node 1, the contribution
of element 1 is Arfy, /64, while for m = M+ 1, only the
contribution of the node m—1 = M, is used.

As a test case, the data in Table 1 are reproduced by
the finite-element method. The data for the first approxi-
mation, where the kernel function, K, is position depen-
dent, are produced by numerical integration of integrals
in equation (27). For M, = M, = 10 and 20, the data in
Table 3 show a remarkably high degree of accuracy. The
second approximation produces larger errors observed
mainly at end points. This approximation is easier to
implement numerically. A variation of this, not presented
here, is to calculate the K,; function using the arithmetic
mean of coordinates of the nodal points surrounding
each element. This resulted in slightly larger errors than
the second approximation data. Approximation 3 is eas-
iest to implement; however, it provided slightly larger
errors.

A remarkable feature of the finite-element method is
demonstrated by repeating the calculations presented in
Fig. 3 for two disks of different radii. The finite-element
method effectively deals with variation of radiosities over
both surfaces. Figure 5a is for R,= R;/2 and
e=¢ =¢& = 0.1, and two different //R, values. Unlike
the data in Fig. 3, there are no visible oscillations and
the data for the finite-element method, using the first
approximation, are quite smooth. For the second

approximation, there is a small error in the value of
radiosity at r;, = 0 only when /#/R, = 0.1. Figure 5b is for
the same variables as Fig. 5a, except the emittance for
both surfaces is 0.5. The higher emittance in Fig. 5b did
not alter the behavior of the two solutions. This shows
that for larger values of /L, the approximations listed
carlier are satisfactory. When the emittance suffers
adverse localized changes, a finite element that numeri-
cally integrates over elements yields more accurate
results. In fact, the data shown in Figs 5a and b were
verified using a refined numerical evaluation and they
showed excellent accuracy. The largest error observed in
Fig. 5a is at r = 0 for both disks; 0.01% for the first
approximation and 1.4% for the second approximation.

5. Comments

It is appropriate to describe a method for calculating
K, for any pair of elements on i and j surfaces. A sche-
matic of this pair of elements is given in Fig. 6. With any
standard grid generation technique, all elements and their
corresponding nodal coordinates are known. Because the
finite-element technique is well established, the discussion
presents the basic changes without exhaustive details.
Much of the procedure is identical to the finite element
formulations for solving various differential equations.

Equation (12) serves as the basic relation for the finite-
element formulations. The finite element is instrumental
in finding approximate radiosity distributions that min-
imize function 7. According to the data in Figs 5a and b,
numerical quadrature (first approximation) may become
necessary when the spacing between participating sur-
faces is small. Otherwise, any approximate method of
determining K;; should provide data with sufficient accu-
racy. Once the elements on each surface are specified, one
can define relations between local and global coordinates;
local coordinates for the radiosity, equation (23) and
the global coordinate for K. After completion of the
solution, one can express the radiosity in terms of global
coordinates.

The generalized procedure to evaluate the kernel func-
tion K, for a pair of nodes on the surfaces 4; and 4; is as
follows. The function
K, - cos ﬁ,fos B;

ri
depends on local quantities that can be defined as follows.
The variable r; is a distance between a point (x;, y;, z;) on
surface 4; and a point (x;,;,z;) on surface 4. It is the
magnitude of the vector

ry =;—=x)i+(y,—y)j+(z,—z)k

where i, j, k are unit vectors along x, y, and z coordinates.
The unit vector along r;, point toward surface 4, is
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Table 3
Raidosity B, /ec T} (or B,JeaT) when Ty = T, Ry =R, = 1,h =0.5, ¢, =¢,=0.5,and M, = M, = M

Finite element Finite element Finite element Finite element
r approx. 1 approx. 1 approx. 2 approx. 3 Table 1
or
I M =10 Error % M =20 Error % M =20 Error % M =20 Error % M=238
0.0 0.80695 0.044 0.80670 0.010 0.80633 0.035 0.80785 0.152 0.80662
0.1 0.80548 0.026 0.80532 0.006 0.80490 0.046 0.80625 0.122 0.80527
0.2 0.80139 0.030 0.80121 0.007 0.80085 0.037 0.80186 0.089 0.80115
0.3 0.79434 0.935 0.79413 0.009 0.79385 0.026 0.79447 0.052 0.79406
0.4 0.78401 0.040 0.78377 0.009 0.78356 0.018 0.78382 0.015 0.78370
0.5  0.769%4 0.047 0.76967 0.012 0.76952 0.008 0.76949 0.012 0.76958
0.6 0.75155 0.055 0.75124 0.013 0.75114 0.000 0.75090 0.032 0.75114
0.7 0.72830 0.058 0.72798 0.014 0.72793 0.007 0.72755 0.045 0.72788
0.8 0.70006 0.050 0.69980 0.013 0.69980 0.013 0.69940 0.044 0.69971
09  0.66771 0.015 0.66764 0.004 0.66802 0.061 0.66772 0.016 0.66761
1.0 0.63396 0.016 0.63403 0.016 0.63892 0.766 0.63881 0.749 0.63406
(a)
I ! I ! I ' T ! I T 1
0.6 L ~©-- Disk 1, Approx. 1 |
: = Disk 1, Approx. 2
< —~ ~&+ Disk 2, Approx. 1 ]
’6 [ -—+-- Disk 2, Approx. 2 ]
\N § 4
Q 04} \ - -
5 [ 3 e=0.1 ]
= HR, = 0.1 ]
<= I ¥ ]
0 o2 ahERALgee " i
Q i B 1
L wR =05 REEREEEN |
0.0 [ Il L | L | L | L Il L | ] . jon . . .
0.0 0.2 0.4 0.6 0.8 1.0 Fig. 6. Schematic of two elements i and j for calculation of k;;.
r,/R, and r,/R,
(b)
1.0 O L L L r
- _ ij
L “lg e=0.5 | 2k
s _ * p .
S~ 08 h/R, =01 4 = For example, using node 1 on the surface 4; and node 2
b [ ttddday **\t ] on surface 4, in Fig. 6, this unit vector becomes
m{\l i ﬁ'&&&ﬁ‘; ¢ J
I \ 1 Fitjo
2 06 A =05 Bl i \7l|
| B3 ] I
< -3 i1j2
i Bag | . .
"lg | R R ] If n;, is the unit vector normal to surface 4; at the nodal
| -©- Disk 1, Approx. 1 | ; s
;__ 041 . Disk1. Approx. 2 1 point 1, then cos f3; is
| a4 Disk 2, Approx. 1 ] Fiij
| -—+-- Disk 2, Approx. 2 | cosfi=ny |
02 R N N R R ripol
0.0 0.2 0.4 0.6 0.8 1.0 h
/R, and r /R where
r an
i 21 e — 0i12 X Oin3
il — 1< s 1
Fig. 5. (a) Radiosity for two parallel disks when R, = R,/2, [0i12 X 013l
T,=T, e=¢ =6=0., and /R, =0.1 and 0.5 by finite 2 = (X = X)i+ (Yo —yn)i+ (o —z0)k
element method (approximation 1). (b) Radiosity for two par- and

allel disks when R, =R|/2, T\ =T,, ¢ =¢ =¢,=0.5, and
h/R, = 0.1 and 0.5 by finite element method (approximation 1). 02 = (X3 —x:)i+ (Vs =y )j+ (zis —zi)k.
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A similar procedure applies for determination of cos f;.
For the example used earlier, cos ff; and cos f3; are equal;
however, in general, they are not the same for any pair
of nodal points on surfaces 4; and A4, The deviations
given above for the calculation of angle factors equally
apply to surface elements of different shapes.

6. Conclusions

It was shown that equation (17) will formally replace
equation (5) derived by Sparrow [1] and equation (10) by
Sparrow and Haji-Sheikh [3]. Alternatively, the Galerkin
method developed to solve differential equations, if
applied to equation (9), yields equation (17). For this
reason, it is appropriate to reiterate that the solution of
a set of integral equations described by equation (9) is
designated as the Sparrow—Galerkin method. Here, it
is shown that both methods lead to an identical set of
equations and the Sparrow—Galerkin method satisfies the
Ritz variational principles and paves the way toward a
better understanding of the finite-element method. Divid-
ing each surface into smaller surfaces, the Sparrow—
Galerkin method leads to the standard finite element
formulation. The higher-order finite element, the p-
method, is also a direct and automatic extension of the
Sparrow—Galerkin method.

The work reported by Sparrow [1] represents the pion-
eering step for development of powerful solution tech-
niques to compute radiation exchange between surfaces.
The Sparrow—Galerkin method and Sparrow—Galerkin-
based, finite-element method are based on variational
principles developed by Sparrow [1, 3]. Both methods are
powerful and useful solution techniques that are cur-
rently in use. The presentation in this paper is for linear
systems. When thermal radiation takes place in con-
junction with conduction or convection, the governing
integral equations are nonlinear. One can modify the
finite element formulation for solving these nonlinear
systems. For solving nonlinear integral or inte-
grodifferential equations, one must develop a lin-
earization scheme but this is beyond the scope of this
presentation.
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